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($% &("#(5)! 1!)!,0#/$ (1 1'510($0#() ,/3 /$!$01 /8 /'" 3/%!)* ]1 ( .#%!)DH'1!% (  "/(,6 #$
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Y
 ! "#$#"!" #%&' K (')'*!%!'+, -').'%!%&, /012(3#1&(45-(%6&&!17 899:;< =(!,! ,+ *1'+.,
61! !#&(!1 >%'3% 6 .1#'1# '1 #%&1'"+-!" &' 6-(#!$! 6 )'1! fl!@# A! 6"B+,&)!%& &' &(! "6&6
3(#A! )'"!A#%* 6 (!&!1'*!%!'+, *1'+.< 0'1 &(! ,!-'%" -6,!7 &(! %+) !1 'C -').'%!%&, K
-6% $61D C1') E &' &(! %+) !1 'C ' ,!1$6&#'%, I /F-G6-(A6% 6%" H!!A7 8999;< I'%-!.&+6AAD7
#& #, 6,,+)!" &(6& !$!1D #%"#$#"+6A  !A'%*, &' !@6-&AD '%! +%>%'3% -').'%!%& &(6& (6, &'  !
"!&!1)#%!" C1') &(! "6&6< J+& 6, &(! "6&6 "' %'& ,+ffi-! &' )6>! +%#L+! 6,,#*%)!%&,7 '%AD
#%"#$#"+6A .1' 6 #A#&#!, &'  !A'%* &' 6 -').'%!%& -6%  ! !,&#)6&!" /M!"!A 6%" N6)6>+167
EOOP;<
Q6-( -').'%!%& k = 1, ..., K (6, 6 %'%4%!*6&#$! 3!#*(&7 .1' 6 #A#&D '1 )#@#%* .1'.'1&#'%
πk 3#&(
∑
k πk = 1< =(! B'#%& "!%,#&D 'C 6%D 16%"') $61#6 A! Y 7 ,+-( 6, .+1-(6,! #%-#"!%-!,
'C .1'"+-& -6&!*'1#!, '$!1 )61>!&  6,>!&,7 6%" 6 -').'%!%& k #,
/E; P (Y, k) = P (Y |k)πk
3#&( R C'AA'3#%* &(! "#,&1# +&#'% P (Y |k) = P (Y |βk) -'%"#&#'%6A '% k 3#&( βk 6, 6 $!-&'1 'C
-').'%!%&4,.!-#fi- .616)!&!1,< TC &(! ,!*)!%&
 
#%"#-6&'1 k #, %'& ' ,!1$6 A!7 &(! )61*#%6A
/+%-'%"#&#'%6A; "#,&1# +&#'% 'C Y #, "!1#$!" 6, &(! )#@&+1!
/8; P (Y ) =
∑
k
P (Y, k).
M! #%&1'"+-! &(! C'AA'3#%* %'&6&#'%U 6 ,.!-#fi- )61>!&  6,>!& i 3#&( i = 1, ..., I -'%&6#%,
 #%61D .+1-(6,! #%-#"!%-!, Yi = [Yi1, ..., YiJ ] 3#&( j = 1, ..., J #%"#-6&#%* .1'"+-& -6&!*'1#!,<
T% '&(!1 3'1",7 Yij = 1 "!%'&!, .+1-(6,! 'C -6&!*'1D j #%  6,>!& i7 '&(!13#,! Yij = 0<
T% 6--'1"6%-! 3#&( 6AA !61A#!1 6..A#-6&#'%, 'C A'*#& )'"!A, C'1 -'%,+)!1 "!-#,#'% )'"!A4
#%* /!<*<7 V+6"6*%# 6%" G#&&A!7 EOPWX F-06""!%7 EOYZ;7 &(! F[G )'"!A, 6,,+)!, 6 +&#A#&D4
)6@#)#\#%* -+,&')!1< ], #% F-06""!%^, _6%"') `&#A#&D 016)!3'1> /EOYZ;7  6,>!& 6%"
-6&!*'1D .+1-(6,! .1' 6 #A#&#!, 61! "!1#$!" C1') &(! +&#A#&D &(6& 6 ,.!-#fi- .+1-(6,! "!-#,#'%
"!A#$!1, &' &(! -'%,+)!1< T% "!&6#A7 &(! "!&!1)#%#,&#- .61& 'C &(! +&#A#&D V (Yi) 'C 6 )61>!&
 6,>!& i #, C'1)+A6&!" 6,
V (Yi) =
∑
j
(αj + γjDISPij + ξjPREDij)Yij +
∑
j<l
θjlYijYil.
I6&!*'1D -'%,&6%&, αj ,&6%" C'1 &(! #%&1#%,#- +&#A#&D 'C 6 .1'"+-& -6&!*'1D j7 3(!1!6, γj
6%" ξj 61! -6&!*'1D4,.!-#fi- )61>!&#%* )#@ -'!ffi-#!%&, C'1 "#,.A6D DISP 6%" .1#-! 1!"+-&#'%
PRED< =(! #%&!16-&#'% !ff!-&, θjl 1!.1!,!%& &(! 1!A6&#'%,(#.  !&3!!% -6&!*'1#!, j 6%" l 3#&(
θjl = 0 "!%'&#%* #%"!.!%"!%-!7 θjl < 0 ,+ ,&#&+&#'% 6%" θjl > 0 -').A!)!%&61#&D< =(!1!
#, '%AD 6% #).6-& 4 6""#&#'%6AAD &' &(! -'!ffi-#!%&, αj7 γj 6%" ξj 4 '% &(! +&#A#&D 'C  6,>!&
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Y
 !"#$%&' () #%*'+,"('& j %-. l %"'  !"#$%&'. *,+'*$'"/ 0' .'fi-' "'fl'3(4' 'ff'#*& θjj = 0
6'/+/7 8'&%+7 9:;;<7 %& ='>> %& &?@@'*"(# (-*'".' '-.'-#('&7 *$%* (& *$' (-fl!'-#' ,) #%*'+,"?
j ,- #%*'+,"? l (& '3%#*>? *$' &%@' %& *$' (-fl!'-#' ,) #%*'+,"? l ,- #%*'+,"? j7 (/'/ θjl = θlj
)," j 6= l/
A," % @,"' .'*%(>'. .'"(4%*(,- ,) *$' BCD @,.'> (- *$' #,-*'3* ,) @%"E'* F%&E'* %-%>?&(&7
&'' G!&&'>> %-. H'*'"&'- 6IJJJ< ," 8,K*!L %-. M(>.'F"%-.* 6IJJN</ A," *$' F%&(#  "(-#( >'&
,) BCD7 "')'" *, 8'&%+ 69:;O<7 P,3 69:;I<7 %-. P"'&&(' 69::Q</
P,@F(-(-+ AB &'+@'-*%*(,- %-. BCD @,.'>(-+ "'&!>*& (- *$' (-*'-.'. ABRBCD @,.'>/
S& =' %&&!@' $'*'",+'-'(*? ,4'" &'+@'-*& %-. $,@,+'-'(*? =(*$(- &'+@'-*&7 !*(>(*? ,) %
F%&E'* (& .'*'"@(-'. =(*$  %"%@'*'"& & '#(fi# *, &'+@'-* k
6Q< V (Yi|k) =
∑
j
(αkj + γkjDISPij + ξkjPREDij)Yij +
∑
j<l
θkjlYijYil.
S##,".(-+>?7 *$' F%&E'*  !"#$%&'  ",F%F(>(*? +(4'- &'+@'-* k (&
6O< P (Yi|k) =
exp(V (Yi|k))∑
Y ∗ exp(V (Y
∗|k))
=$(#$ (& % @!>*(4%"(%*' >,+(* @,.'>7 =(*$ Y ∗ *$' &'* ,) %>>  ,*'-*(%> F%&E'*&/
T$(& >'%.& *, *$' &'+@'-*R& '#(fi# #,-.(*(,-%> #%*'+,"?  !"#$%&'  ",F%F(>(*('&
6U< P (Yij|Yil, k) =
exp(YijV (Yij = 1|Yil, k))
1 + exp(V (Yij = 1|Yil, k))
=(*$
6V< V (Yij = 1|Yil, k) = αkj + γkjDISPij + ξkjPREDij +
∑
l 6=j
θkjlYil.
T$' -!@F'" ,)  %"%@'*'"& *, F' (-(*(%>(K'. (- *$(& ABRBCD @,.'> 6npar = K[3 · J +
J(J−1)/2]< (& 4'"? >%"+' %-. #,-&(.'"%F>? &>,=& .,=- *$' & ''. ,) #%>#!>%*(,-/ M,='4'"7 ,->?
&(+-(fi#%-* (-*'"%#*(,-& (-fl!'-#' !*(>(*? %-. *$!&  !"#$%&'  ",F%F(>(*?/ H"'4(,!& &*!.('&  ",4'
*$%* ,->? % &@%>>  '"#'-*%+' ,) (-*'"%#*(,- 'ff'#*& (- @%"E'* F%&E'* .%*% (-.(#%*' #,@ >'@'-R
*%"? ," &!F&*(*!*(4' 'ff'#*&/ M"!&#$E% '* %>/ 69:::< &$,= *$%*  !"#$%&'& %"' (-.' '-.'-* ),"
:U  '"#'-* ,) %>> #%*'+,"?  %("& (- *$'(" .%*% =(*$ ,4'" ;J #%*'+,"('&/ W(  ,>. %-. M"!&#$E%
6IJ9J< fi-. VV  '"#'-* (-&(+-(fi#%-* (-*'"#%*'+,"? 'ff'#*& (- % F%&E'* .%*% &'* =(*$ QJ  ",.!#*
#%*'+,"('&/
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N
 !"!# $! %!fi'! ()! *+,*!( Skj -. -()!" /0(!1-"2!* l ()0( /0(!1-"3 j 2'(!"0/(* $2() /-'4
%2(2-'05 -' ,0*6!( i ,!5-'12'1 (- *!17!'( k# 28!8 l ∈ Skj 2. θkjl 6= 08 9- /50"2.3# '-( -'53 $!
055-$ .-" :0"32'1 ;0"07!(!" :05+!* -:!" *!17!'(* ,+( 05*- .-" %2ff!"!'( *+,*!(* -. 2'/5+%!%
=28!8 *21'2fi/0'(> 2'(!"0/(2-' !ff!/(*8 ?2:!' *!17!'(4*;!/2fi/ *!(* -. 2'(!"0/(2'1 ;0"07!(!"* Skj#
$! "!.-"7+50(! ()! %!(!"72'2*(2/ *!17!'(4*;!/2fi/ /-'%2(2-'05 /0(!1-"3 ;+"/)0*! +(252(3 0*
=@> V (Yij = 1|Yil, k) = αkj + γkjDISPij + ξkjPREDij +
∑
l∈Skj
θkjlYil.
A+" 50*( 0**+7;(2-' 2* ()0( 0 )-+*!)-5% h = 1, ..., H %!/2%!* 0//-"%2'1 (- 0 +(252(3 .+'/(2-'
$)2/) 2* /-'*2*(!'( 0'% /-'*(0'( -:!" 055 )2* ;+"/)0*!*8 9)!"!.-"!# 0 )-+*!)-5% h $2() 055 )2*
,0*6!(* 2* 0**21'!% (- -'! *!17!'( k $2() ;"-,0,252(3
=B> ̟kh = P (zh = k|z\h, Y, β) ∝ P (zh = k|z\h)
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